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Abstract

This is the next step of work reported in [Lendaris, Zwick & Mathia, 1993]. The objective has been to develop a
constructive method that uses certain a priori information about a problem domain to design the starting structure
of an artificial neural network (ANN). The method explored is based on a general systems theory methodology
(here called GSM) that calculates a kind of structural information of the problem domain via analyzing /O pairs
from that domain. A modularized ANN structure is developed based on the GSM information provided. The notion
of performance subset (PS) of an ANN structure is described, and extensive experiments on 3-input, 1-output
Boolean mappings indicate that the resulting modularized-ANN design is ‘conservative' in the sense that the PS of
the modularized ANN contains at least all the mappings included in the GSM category used to design the ANN.
Partial experiments on 5-input, 1-output Boolean functions indicate further success. The extended experimental re-
sults also suggest the possibility of using a measure of the learning curve of specified ANNs on a series of (in this
case Boolean) functions to serve as a proxy measure for the complexity of those functions. This proxy measure
seems to correlate well with a measure known as Boolean Length. Determining a function's Boolean Length is a
non-trivial undertaking; perhaps it will turn out that training an ANN on the function and measuring its learning
experience will be a useful measure of function complexity, and easier to determine than the function's Boolean
Length.

1 Background

In the General Systems Theory literature, there is a method we refer to as the general system method (GSM)
[Lendaris, Zwick & Mathia, 1993] which provides 'structural knowledge' about a problem via a particular kind of
(information-theoretic) analysis of data from that problem domain. A question arises as to whether that GSM
structural knowledge can be used as a priori information about the problem to assist in designing an artificial neural
network (ANN) to be applied to that problem. In the above reference, we presented the idea of using the GSM
structural knowledge to design modularized ANNs to learn the mappings implicit in such data (in our case, 1/0
pairs of a Boolean mapping), and the results of some preliminary experiments. Certain predictions were made, and
verified, about the potential benefits of designing an ANN in this way.

The results reported here are based on an extensive set of experiments based on a four-variable (nominal-data)
structure. In GSM notation, this is designated an ABCD structure. In our case, due to the input/output nature of our
problem context, we impose the notion of causality, and consider this a 3-input, 1-output system, as shown
schematically in Figure 1a. The data are all binary, thus this system is mathematically expressed as a Boolean

function. The set of 22° = 256 possible Boolean functions (mappings) for such a system has been widely studied,
and much is known about them. In the context of elementary cellular automata (ECA) for example, the 256
mappings are grouped into 88 equivalence classes [15]. This latter knowledge was used to select functions with
known structural properties for the present ANN exploration.

The focus here is on relations of two different structural types: 1) non-decomposable, and 2) decomposable into two
relations with one shared variable. In GSM notation, type 1) is expressed as an ABCD structure, and type 2) as an
ABD:ACD structure. We define D to represent the output variable of our causal system, and the ABD:ACD
notation represents the case of A being the shared variable. Permutations of the input variables A,B,C generate a
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number of different but topologically equivalent mappings. In GSM, the ABCD structure corresponds to a relation
of maximum complexity -- there is no reduction available (within this framework). The ABD:ACD structure, on
the other hand, represents the case where there is a (partial) decoupling of variables possible: that is, ABCD may be
decomposed into two sub-structures ABD and ACD which are not further decomposable. These two sub-structures
are said to share variable A.

Consider now the task of designing an ANN to perform a 3-input, 1-output binary mapping. If nothing were known
a priori about the specific mapping to be learned, then a typical candidate ANN structure to put into the box of
Figure 1a would be a feed-forward type, with perhaps a single hidden layer, and fully interconnected [for present
purposes, we call this a 'non-decomposed structure']. On the other hand, if a priori knowledge were available that
the mapping to be learned was of the ABD:ACD type, then an ANN structure that would take into account such a
priori information is shown in Figure 1b. In this case, we decompose the hidden layer into two sub-structures (the
shaded boxes) which are not further decomposable. The number of inputs to each sub-structure is smaller than for
the ANN of Figure 1a. [We call this a decomposed structure, or alternatively, a modularized structure.] For a 3-
input system, with only 256 total possible mappings, this may seem trivial, but even moving up to just a 5-input
system, the ANN related implications start becoming significant. For the 5-input case, the total number of possible
maps is Order(billion)! Even for seemingly small numbers of inputs, it is physically not tractable to build ANNs
whose performance subspace PS (defined below) covers the entire set of possible mappings, so, any constraints dis-
covered in the data that can be translated into correlated constraints on the ANN structure would be most welcome.

2 Notation

We start with a characterization of the ANN as a "black box" that performs a mapping of its inputs to its outputs.
Once the inputs and outputs are defined, conceptually, there exists a set of all possible mappings (SAPM) from the

input domain to the output range [e.g., for an n-binary-input, 1-binary-output context, there are 22 possible
mappings]. For each ANN structure (inside the box) with a given setting of its weight values, the ANN will
perform exactly one of these possible mappings. Doing the mental experiment of scanning all possible weight-
value combinations in the given ANN, and collecting all the individual mappings performed by the ANN, we call
the resulting collection of mappings the ANN's performance subset (PS) [8][6]. (For the binary case, if the
number of inputs to the ANN exceeds approximately 30, it would be physically impossible to build an ANN whose

30
PS contains all 22 mappings, hence the name subset.)

SAPM

. --
@@@

a) b)
Figure 1. a) Non-decomposed and b) decomposed Figure 2. Set of all possible mappings (SAPM)
3-input, 1-output system. The shaded boxes are and Performance Subset (PS) [shaded areas].
implemented as separate ANNS. The dot represents the desired mapping (DM).

In Figure 2a, we symbolize the set of all possible maps (SAPM) as the region defined by the outermost boundary,
and symbolize the PS of some given ANN structure as the region defined by the inner boundary (shaded area). In
Figure 2b, we add a point DM to represent the mapping corresponding to a problem we wish solved (Desired
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Mapping) . By our definition of PS as the collection of all those mappings it is possible for the given ANN
structure to perform (over the set of all its weight values), it is not possible for the given ANN structure to perform
the mapping DM shown in Figure 2b. Thus, no matter what weight-adjusting algorithm one attempts to use, it
would be impossible for that ANN structure to ever learn the mapping at DM. So what is the ANN designer to do?
Several strategies suggest themselves for what might be done either before training and/or during training: 1)
"move" the point DM until it is inside the given region PS (Figure 2c¢) , 2) "move" the region marked PS until it
contains the desired mapping DM (Figure 2d), and/or 3) increase the size of PS until it contains the point DM
(Figure 2e). Strategy 1 may be accomplished by the designer selecting a different representation schema for the
inputs and/or outputs, and de facto, is accomplished any time a designer selects a representation of the problem
such that the ANN structure the designer is working with successfully learns the desired mapping. Strategy 2 is
accomplished by selecting a different ANN structure. The authors are aware of two references describing
approaches (that appear to) use this strategy on line [5][11] (while this possible strategy was discussed even in the
1960's, a theoretical basis for such an approach is still in its infancy). Strategy 3 is exemplified by the variety of
methods that "grow" the starting ANN structure during training. To date, most training strategies assume that DM
is already contained within the PS of the starting ANN structure (Figure 2f), and the job of the training algorithm is
to converge upon DM -- indeed, typical convergence theorems state that a solution will be found provided it exists,
and using the present vocabulary, this says provided DM is contained in PS.

The present paper is concerned with the possibility of using a priori information about the problem domain to
constructively prestructure an ANN with assurance that its PS contains the desired mapping (Figure 2f), and in
addition, with assurance that the size of its PS is relatively small. The reason for the latter desire is that if a given
ANN structure learns the training data, then the smaller its PS, the better its chance for good generalization
performance [8][1]. This latter property is the objective pursued by those methods that do weight 'pruning' [14][12]:
they start with an ANN structure whose PS is large enough to assure inclusion of their DM, and then shrink the size
of the PS in a principled way, making it smaller and smaller just to the stage before it no longer contains their DM.

3 Experiments

A set of experiments was performed on the 256 possible 3-input, 1-output Boolean functions, using the partitioning
into 88 equivalence classes mentioned in Section 1. A consistent exemplar of each of the classes was selected,
yielding a set of 88 functions, and then 1760 experiments were run on these 88 functions [10]. Feedforward ANNs
with back-propagation-of-error training were used. All experiments with each structure type used the same starting
state, and the same training parameters. The key variable in the experiments were the different mappings to be
learned. The training process was stopped at specified increments of training iterations, and the performance of the
ANN was evaluated, via counting the number of bits of the output mapping that were correctly learned. The initial
experiments reported in [9] focused on just those functions of the ABD:ACD decomposable type, all of which are
of GSM structural type 4, and an equivalent number of non-decomposable functions (type ABCD), which are of
GSM structural type 6. The examples from structural type 6 were selected intuitively to correspond in some
plausible way to each of the ABD:ACD functions of type 4. Those preliminary results paved the way to the more
extensive experiments described in this paper. These experiments included examples from all six structural types.

First, experiments were run to determine the size hidden layer needed in the non-decomposed ANN structure to
learn the examples taken from the ABCD class. We settled on a fully-connected, feed-forward structure with one
hidden layer of 4 elements, and this led to a decomposed ANN structure (via removing selected connections) with
each sub-structure in the hidden layer comprising 2 elements. The conjecture was that while the non-decomposed
(more general) ANN would be able to learn all the mappings (i.e., both the ABCD types and the ABD:ACD types),
the modularized ANN would not be able to learn the ABCD mappings. Further, it was conjectured that since the
structure of the modularized ANN in some sense mirrored the known structure of the ABD:ACD mappings, the
modularized ANN would be able to learn the ABD:ACD mappings 'more easily' than the more general ANN
structure would, and (more importantly) it was conjectured that if the two structures were each trained on partial
data from an ABD:ACD mapping, then the decomposed ANN would have better generalization performance than
the more general ANN structure would (since its performance subset (PS) would be smaller).
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Let us use the vocabulary introduced in Section 2 to discuss the 6 groupings of functions used in this study. As
noted earlier, GSM structural type 6 refers to the most complex case, and thus these functions are expected to
require the most general ANN structure, i.e., a fully connected one. The ABD:ACD functions used above are from
type 4, and we have noted that the modularized ANN structure of Figure 1b works for these functions. The fully
connected ANN structure selected has a performance subset (PS) that covers the entire set of 256 possible 3-input,
1-output Boolean mappings (as noted earlier, had the number of inputs been larger than approximately 30, this
would not be physically possible). The modularized ANN structure used, however, has a smaller PS. The way the
modularization was done in this case was to divide up the elements in the hidden layer equally to the two partitions.
This can be considered in the same way as we discussed weight pruning earlier to infer that the PS of the
modularized ANN is a reduced version of the more general ANN's PS (in this case, trivially so, since the larger PS
includes the entire set of possible maps). A question of basic interest in the present research is how does the PS of
the modularized ANN relate to the set of mappings associated with the various GSM structural types? We know
that the PS of the modularized structure does not contain some of the mappings of type 6 (when we trained on those
mappings that intuitively were among the "hardest" of these, the modularized ANN did not learn them). We also
know that the PS of the modularized structure contains all of the mappings of type 4 (the ABD:ACD type), as it
learned all of these. Since each structural type subsumes the lower types, we expect the PS of the modularized
ANN structure designed according to structure type 4 requirements to include the mappings corresponding to the
lower types. The experiments bore this out.

In addition, however, the full set of experiments show that the PS of the modularized ANN structure is in fact larger
than just the mappings of GSM structural type 4 (and the subsumed structure types 3, 2 & 1). The modularized
ANN was able to learn all the mappings of type 5, and further, some of the mappings of type 6. These results
indicate that if we select a modularized ANN structure based on the GSM structural type inferred via GSM analysis
of 1/O pairs of data from the problem domain, then the design is ""conservative in the sense that its PS is at least
big enough to contain the mappings of the inferred GSM structural type. The fact that the PS is larger than just the
mappings contained in the inferred GSM set can be explained as follows: the mappings being explored are Boolean,
i.e., all variables are binary. While the inputs to the ANN are binary, and the output neurode learns to give binary
outputs, the hidden neurode values are not constrained (in our experiments) to binary values. Accordingly, it is
clear that the PS of the ANN prestucturing selected will be larger than the set of mappings of the inferred GSM set.
For the 3-input case the size of the ANN's PS reached up into structural type 6 (not all of it though). For a number
of inputs n, larger than the 3 used here, the number of GSM structural types will be significantly larger than the 6
associated with the n=3 case. Our analysis so far gives us hints suggesting the following speculation: the PS of the
ANN designed via the GSM structural information (i.e. the selected structure in the GSM lattice) will contain
functions within the "neighborhood" of the GSM structure identified. The term neighborhood here is intended to
mean within approximately 2 levels further up from the one selected in the GSM lattice of structures. In the 4 vari-
able case (3 inputs, 1 output), since the GSM lattice of structures is so small, the "neighborhood" reached into the
top level of the lattice. However, for larger values of n, the GSM lattice will have significantly more levels, so the
"neighborhood” could be a rather small fraction of the total range. Accordingly, the relative size of the
prestructured ANN's PS will be a small fraction of the size of the collection of mappings up to the top of the lattice,
and thus the difference between a general ANN's PS and that of a prestructured ANN will be greater, and thus the
prestructuring will pay even better dividends than those already discussed for the n=3 case. We believe that the
principle has been demonstrated, but there remains yet a significant amount of work to analyze even the 5-input
case.

We pause here to mention that all the 3-input, 1-output experiments were carried out with a full training set, where
the research objective was to observe the learning process. In these cases, the question of generalization was not at
issue. But, when we do move on to consider the generalization question, the kind of knowledge available about the
functions we are exploring is very useful. Since there is a definite (known) structure for the functions being
learned, we are in a position to constructively design a subset of the possible input patterns for training the ANN
that theoretically contains enough information to infer the entire mapping. After the ANN trains on this subset, to
the extent that its structure really is tailored to the structure of the desired mapping, then we should expect the ANN
to generalize well. The better the structural match, the closer to 100% generalization. To carry out a preliminary
experiment related to generalization, a set of four 5-input, 1-output functions, decomposable in a way indicated in
Figure 3, were crafted. This selection was made because the 3-input case used for the rest of the experiments was
judged too limiting for carrying out the desired generalization experiment. By construction of these functions, we
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were able to select a training set comprising only 50% of the possible input patterns (i.e., just half the mapping)
which we knew theoretically contained sufficient information from which to infer the total mapping. This set was
used to train both a general (fully connected) 5-input ANN and a modularized 5-input ANN (cf. Figure 3). For the
decomposed functions, both structures learned the training set perfectly. However, there was a big difference in the
generalization tests: 1) the modularized ANN gave perfect responses for the 1/O pairs not seen during training, and
2) the general ANN averaged only 55% correct responses (nearly random) on these test inputs. Also, four non-
decomposable functions were selected, and both ANN structures trained on them, again using 50% of the possible
input patterns. The general ANN learned the training set, while the modularized ANN did poorly. The modularized
ANN did poorly at generalizing, and so did the general ANN. While these experiments used but a small fraction of
the possible mappings in the 5-input, 1-output context, the experimental procedure of constructing a focused
experiment and having this give results which support the hypothesis carries reasonable convincing power --
especially since it was constructed such that if the experiment gave negative results (counter-example), it would
have significantly undermined the basic premise of the approach.

AB C DE

Figure 3. Modularized ANN, implementing a 5-input, 1-output ABCF:CDEF system. Used for generalization test.

4 Proxy Measures for Complexity?

To recapitulate, the assumption is that we start with a set of 1/0O data for the problem domain, specifically here,
binary I/0O data. Next, we submit this data to what we are calling GSM structural analysis, and this analysis assigns
a structural type to the data (ranging from type 6 to type 1 for the 4-variable case). This structure number is a kind
of complexity measure (6 being the most complex), relating to the decomposability of the Boolean function inferred
to underlie the given data. This yields a rather coarse coding of the possible 256 functions being considered, and as
might be expected, within each category, there will be a gradation of the degree of complexity, if we had a finer way
to measure it. Nevertheless, the premise here is that even this rather coarse measure can be put to good use in
modularizing ANNs -- where 'good' here relates to improved learning speed, and more importantly, improved
generalization performance.

The 88 functions studied in these experiments were sorted according to the 'learning difficulty' experienced by the
1) fully-interconnected ANN and 2) the modularized ANN. In addition, the same functions were sorted according
to four different measures in the literature dealing with Boolean functions, namely, the already discussed GSM
structural type (range 1-6) [3], and in addition the Lambda-count (range 0-4) [4], Fluency (range 1-9) (theory
developed in [15], original idea by Ashby [13]), and Boolean Length (range 1-10) -- this is the minimum number of
Boolean operations necessary to represent the binary string (related to Kolmogorov complexity) [15]. Values of
these four complexity measures for the 88 Boolean functions selected for our experiments appear in [25]. In com-
paring these sorted lists, except at the two ends (where all but Lambda basically concurred), it turned out that there
was little, if any, correlation between the orderings given by the 4 published measures of complexity. However,
there was a good correlation in the orderings provided by the Boolean Length measure and the 'learning difficulty’
assigned to each of the ANN structures investigated. The suggestion based on these observations is that certain
measures of the learning curve of specified ANN structures might be used as a proxy measure for the complexity of
certain classes of functions [10]. The learning curve may be characterized by (at least) two of its attributes: the

111-323



World Congress on Neural Networks, San Diego, California, 5-9 June 1994

transient portion and the steady state level. Here the steady state level can be characterized by the number of bits
learned (max. of 8 for the 3-input, 1-output case), the transient by the number of training cycles required by the
ANN structure to accomplish the learning. Other qualities of the transient suggest themselves via visual analysis,
but have not yet been reduced to quantitative expressions.

While the investigation here was based upon Boolean functions that have well documented properties in the
literature, there might be a basis for developing this approach to other classes of functions. Thus we have a turn of
events. Instead of lamenting the difficulty an ANN has in learning a given task, we might be able to use the
learning experience of specified ANN structures as proxy measures for the complexity of certain classes of
functions
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