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Abstract
A solution to the inverse kinematics problem in robotics is presented. The usual difficulty of inverting robot
kinematics is circumvented by minimizing an appropriate cost function using linear dynamic networks. The
results of the optimization process are the 'best' joint angle rates which minimize the manipulator's position
error. We call the class of networks used Linear Hopfield Networks (LHN), due to it's similarities with the
original Hopfield Network. A convergence proof for the LHN is given. An explicit upper bound for the step
size which guarantees convergence and fast convergence is presented. The simulated tracking control for a
three-joint robot manipulator demonstrates the performance of our approach.

1   Introduction
The forward kinematics of a robot arm (manipulator) describe the geometry of manipulator motions,

i.e. the mapping from given joint angles to the associated position of the manipulator in Cartesian space (or
some other space). The inverse kinematics problem is to find the joint angles needed to move the end-
effector to a desired position, i.e. an inverse mapping from a point in Cartesian space to an associated point
in joint angle space must be determined. A closed form solution of the inverse kinematics can be non-triv-
ial to determine or may not even exist, depending on the complexity or redundancy of the robot's forward
kinematics.

Initial ideas of circumventing a closed form solution by linearizing the direct kinematics and then
defining and minimizing an cost function were presented earlier [2]. The present paper extends the theory
and provides simulation results. To find the required joint angles for a desired manipulator position, the
inverse kinematics problem is reduced to the numerical solution of a linear system. The linear system is
specified and solved for each manipulator position, i.e. for each point on the manipulator's trajectory in
Cartesian space, the required associated point in joint angle space is determined via an optimization pro-
cess. An appropriate cost function is represented in a form which can be minimized by a linear, fully con-
nected, recurrent network. Due to it's similarities with the original Continuous Hopfield Network (CHN),
we call this class of linear dynamic networks Linear Hopfield Network (LHN). As opposed to the CHN,
which has nonlinear transfer functions and is used as an 'autoassociator' [4], the LHN has linear transfer
functions and solves systems of linear equations. A design method for the LHN is presented which guaran-
tees convergence to the optimal solution, here the 'best' joint angle velocity to minimize the manipulator's
velocity error. The resulting discrete velocities are integrated to track the prescribed end-effector path. As
an example, the simulated control of a three-joint manipulator in 3-D Cartesian space is presented.

2   The Inverse Kinematics Problem
Manipulator kinematics describe the geometry of robot arm (manipulator) motions. The end-effector

of a manipulator is moved to a Cartesian target position by controlling the manipulator's joint angles. The
manipulator's forward kinematics describe this mapping from joint angle space to Cartesian space (Figure
1a). Let  be the m-dimensional Cartesian position vector and  the n-dimensional joint angle vec-
tor, both functions of time. Then the forward kinematics are:

, (1)

.

x t( ) θ t( )

x t( ) f θ t( )( )=

f:ℜn ℜm→ θ ℜn∈ x ℜm∈, ,
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The end-effector trajectories for the robot manipulator are usually planned in the Cartesian work space.
The inverse kinematics problem is to find joint angles  (in the robot's control space) such that the
manipulator's end-effector is placed at a desired position  in Cartesian space, thus

. (2)

Unique closed form solutions for the inverse mapping in Equation 2 are difficult to find for non-redun-
dant manipulators ( ), due to the complexity and nonlinearities of f, and do not exist for redundant
manipulators (m < n, fewer equations than unknowns). Extending initial ideas expressed in [4], the present
paper proposes a solution of the inverse kinematics problem by 1) linearizing the forward kinematics , 2)
specifying a cost functions , and 3) numerically solving the linear system by optimizing E. The cost
functions E is implemented as a Linear Hopfield Network (LHN), which carries out the optimization pro-
cesses at each point  along the desired trajectory , where  represents discrete time.

3   Linearization and Velocities
Difficulties in computing the inverse kinematics in Equation 2, introduced by the complexity of  or

the redundancy of the forward kinematics in Equation 1, can be overcome by linearize the forward kine-
matics with respect to time and use the velocity equation, with joint angle velocities  and Car-
tesian velocities  as input and output for the manipulator control system. The inverse is then
obtained by

, (3)

, (4)

where the Jacobian matrix J is defined by

.

Given a desired Cartesian velocity profile , the manipulator joint angles are obtained by integrating
the joint angle velocities. For solving Equation 4, numerical optimization of a cost function is often pre-
ferred over the matrix inversion approach for two reasons: 1) the inversion of J can be numerically unsta-
ble (assuming the inverse exists), and 2) J may be singular and therefore a unique solution of Equation 4
does not exist. If J is not invertible, additional constraints can be added. A common way is to apply the
Moore-Penrose pseudo-inverse, where the additional constraint is given by finding the ‘best’ solution in a
least squares sense. In the present paper also an approach is used, which gives a numerical solution without
using the inverse Jacobian.

4   Cost Function and Optimization Process
The inverse kinematics problem for a robot manipulator is converted into an optimization problem.

First a cost function E (error function, performance measure) is designed, then E is optimized using linear
dynamic networks at every point along the desired end-effector trajectory. The primary control objective is
to minimize the position error  of the manipulator's end-effector. According to Equa-
tion 4, E is expressed in terms of the velocity error . An additional constraint is the
minimization of the joint angle velocity . This constraint results in a smoother trajectory in joint angle
space (and therefore Cartesian space). E is defined as

, (5)

θ t( )
x t( )

θ t( ) f 1– x t( )( )=

m n≥

f
E

xd xd k( ) k

f

θ· dθ dt⁄=
x· dx dt⁄=

x· J θ·( )=

θ· J 1– x·( )=

J θ( )

df1
dθ1
-------- …

dfn
dθ1
--------

   
df1
dθm
--------- …

dfn
dθm
---------

= ......

x· d

e k( ) x k( ) xd k( )–=
e· k( ) x· k( ) x· d k( )–=

θ·

2E e· ε θ·+=
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,

,

where  is an arbitrary non-zero constant (discussed below). The velocity error is expected to increase
with , which will be demonstrated using simulation. The factor 2 in Equation 5 is used for later conve-
nience when differentiating E, which can now be represented in terms of the joint angle velocity:

, (6)

,

,  , ,

where  and . The constant  weights the importance of the angle velocity (this
strategy is common in optimal control methods), and also provides invertibility of A (with ) for all
forms of J, and therefore a unique solution of the equation system Equation 6. E must be minimized at
every point along  for the 'best' joint angle velocity, in order to obtain the 'best' desired Cartesian
velocity. The derivative of E in Equation 6 with respect to 'iteration time ' is (the manipulator moves in
physical time t, which 'stays still' during optimization):

,

, (7)

The optimization process will settle at  (a convergence proof is given below). Minimizing E
therefore solves the linear system

. (8)

5   The Linear Hopfield Network
The optimization process for solving Equation 7 is mapped onto a linear dynamic network, the Linear

Hopfield Networks (LHN), which is a natural outgrowth of the Continuous Hopfield Network (CHN).
Continuous Hopfield Network.  In the original paper by Hopfield and Tank [4], the cost function of

CHNs (recurrent, with a single layer) is defined by , with weight matrix T, optimi-
zation variable V, and constant input vector I, and is similar to the cost function in Equation 6. The deriva-
tive of Hopfield's cost function is , thus similar to Equation 7. The CHN is primarily used
as an 'autoassociator' and requires sigmoidal transfer functions to guarantee convergence to the nearest
minimum of E [3]. If instead a linear transfer function is used, the CHN in [4] becomes ,
with  and . When converging to the equilibrium ( ), the linear sys-
tem  is solved, which is a linear system like Equation 8.

Linear Hopfield Network.  As shown above, the linear dynamic network defined by Equation 6 and
Equation 7 is very similar to the CHN, which also is characterized by a cost function and a differential
equation. The main difference between CHN and LHN is the sigmoidal transfer function, which is missing
in Equation 6 and Equation 7. This fact leads to our notion of the LHN (single layer, recurrent), which
solves the linear system Equation 7, provided convergence to the solution . A design method for
the LHN, which satisfies the convergence requirements, is given below in Equation 9 and Equation 10.

 x· x· d– 2 ε θ· 2+=

 x· x· d–( )T x· x· d–( ) εθ· T
θ·+=

ε
ε

2E θ·( ) Jθ· x· d–( )
T Jθ· x· d–( ) εθ· T

θ·+=

 θ· T
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Definition.  The Linear Hopfield Network is a single-layer, recurrent network with weight matrix W,
constant  input vector u and linear transfer functions. The dynamics of the continuous-time LHN and the
discrete-time LHN by are defined by Equation 9:

, (9a)

, , (9b)

, , (9c)

and for numerical solutions using digital computers, the discrete time representation of Equation 9a is

, (9d)

In the following we proof that this linear system converges for

, (10)

Convergence of the discrete-time LHN in Equation 9d is guaranteed for any initial condition if the step
size  satisfies Equation 10 for some matrix norm. The step size should be near it's upper limit for fast
convergence. Suitable norms are e.g. the spectral radius or the maximum singular value (MSV) of A.

Convergence Proof.  While the sigmoidal transfer function plays a central role in the convergence
proof for the CHN, this does not apply to LHNs [3]. Here Equation 9 is 'scaled' with a constant factor  to
provide convergence. This is possible since the unscaled system (Equation 11a) and the scaled system in
Equation 11b have the same solution:

, (11a)

, (11b)

, (12)

A sufficient condition for the iterative solution of Equation 11a and Equation 11b is (see e.g. [1])

,
which results in the inequality in Equation 10 for some matrix norm. (q.e.d.)

With a suitable  and , the discrete-time LHN in Equation 9d becomes

(13)

(14)

. (15)

Equation 15 suggests the interpretation of  as a step size, or 'convergence rate'. It is well known that
a greater step size provides faster convergence, and Equation 10 gives a guideline to chose an upper bound
to achieve a fast convergence to the solution.

6   Practical Considerations and Simulation
Computational Cost.  It was intended to keep the required computational cost minimal for LHN

implementations. This is of particular interest for the inverse kinematics problem considered here, because
the LHN must be specified at each point along the desired trajectory. Possible matrix norm for specifying

dθ·
dτ------ Wθ·– u+=

W αA α εI JTJ+( )= = W ℜn n×∈

u αb αJTx· d= = u ℜn∈

∆θ· n( ) θ· n 1+( ) θ· n( )– Wθ· n( )– u+= =

0 α 1
A--------<≤

α

α

Aθ· b=
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α
---b W 1– u= = =

W αA α A 1<= =
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the step size is the maximum singular value (MSV), which is, unfortunately, computationally expensive.
Here the trace, trace{A}, which is easy to compute, was used as an upper bound for the MSV:

.

It is important to choose appropriate initial conditions : if the initial Jacobian matrix may be
close to singularity, so the algorithm may be unstable or may converge very slowly.

Simulation.  For the simulation experiment a 3-joint robot manipulator model was used (Figure 1a).
The desired Cartesian end-effector trajectory was a straight line. The manipulator has two links of size one,
and three controllable joint angles (two shoulder joints, one elbow joint). The shoulder is positioned at the
origin of the Cartesian work space. The inverse kinematics control system therefore has 3-dimensional ref-
erence inputs  , control signals , and control variable  (Figure 1b).

The desired end-effector trajectory from time t = 0 to t = T was constructed as follows: Starting and
ending point were obtained by Equation 1 for ,  to

, . Between the Cartesian start and end
point a straight line of 1000 points was constructed, where the distances between the points represented the
desired end-effector velocity. A bell-shaped velocity curve was chosen. The joint angle velocities com-
puted by the LHN were integrated to obtain the joint angles (Figure 2a). The position tracking error 
increases with increasing . Here the results for  are shown (Figure 2b). The three elements of
the desired and actual Cartesian trajectories are shown in Figure 3 and Figure 4. Because the cost function
implements a 'compromise' between accurate position and smooth angle velocity curve, thus the error is
non-zero. The linearization error can be further reduced by using more points along the desired trajectory.
With increasing  the LHN gave towards smoother curves, but with greater position error.

7   Conclusion
A solution to the inverse kinematics problem in robotics is presented, which utilizes a cost function

and linear dynamic networks (Linear Hopfield Network, LHNs) for minimization.  The method provides a
variety of control strategies for a large number of manipulator kinematics, but requires a prescribed desired
trajectory with a fixed number of points. An upper bound for the LHN step size is presented, which pro-
vides a high LHN convergence speed.
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Figure 1  a) The example manipulator in joint and work space. b) Linear Hopfield Network.

Figure 2  a) Joint angles  θ(k)=[θ1,θ2,θ3]T, b) Cartesian errors xe(k)=[xe1, xe2, xe3]T.

Figure 3  Desired and actual end-effector trajectories: a) xd1(k), x1(k), and b) xd2(k), x2(k).

Figure 4  Desired and actual end-effector trajectories xd3(k), x3(k).
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